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internal approachability variahons t .
, [8] combinatorial principle SEP
$\mathrm{S}\mathrm{E}\mathrm{P}^{-},$




internal approachability variations [ . 2 ,
, [8] combinatorial principle SEP variations $\mathrm{S}\mathrm{E}\mathrm{P}^{-},$ $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}$ ,
SEP etc. , . 3 , 1 2
, $\square _{\omega_{1}}$ SEP $a=\aleph_{1}$ .
1 Internal apporachability
$\chi$ ( . $\mathcal{H}_{\chi}$ hereditary of cardinality $<\chi$
. trcl(x) $x$ transitive closure {
,
$\mathcal{H}_{\chi}=\{x : |trcl(x)|<\chi\}$
. $X$ $\kappa$ , $[X]^{\kappa}=\{x\in P(X) : |x|=\kappa\}$ . ,
$\mathcal{M}_{\chi}=\{M\in[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}} : M\prec \mathcal{H}_{\chi}\}$
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. , $M\prec \mathcal{H}_{\ovalbox{\tt\small REJECT}}$ , $(M, \mathrm{C}\cap M^{2})\prec(\mathcal{H},, arrow\cap(\mathcal{H}_{\chi})^{2})$
. ,
$\mathcal{M}_{\chi}^{*}=$ { $M\in \mathcal{M}_{\chi}$ : $[M]^{\mathrm{N}_{0}}\cap M$ $[M]^{\mathrm{N}_{0}}$ $\subseteq$ }
$\mathcal{M}_{\chi}^{\subset}=\{M\in \mathcal{M}_{\chi}$ : $M$ $\omega_{1}$
$a\in M$ , $(M_{\subset a})^{\mathit{2}}\in M$ }
. ,
$M_{\subset a}=$ {$x\in M$ : $x$ $a$}
. $M\prec \mathcal{H}_{\chi}$ internally approachable , $|M|$ $M$ el-
ementary submodels $\langle M_{\alpha} : \alpha<\lambda\rangle$ , $\alpha<\lambda$ ,
$\langle M_{\beta}$ : \beta \leq \mbox{\boldmath $\alpha$} $\rangle$ \in M +l , $M= \bigcup_{\alpha<\lambda}$ M
([2]) $\cdot$
$\mathcal{M}_{\chi}^{int}=$ { $M\in \mathcal{M}_{\chi}$ : $M$ internally approachable}
.
Lemma 1.1 $\mathcal{M}_{\chi}^{\subset}\subseteq \mathcal{M}_{\chi}^{int}\subseteq \mathcal{M}_{\chi}^{*}\subseteq \mathcal{M}_{\chi}$ .
. $\mathcal{M}_{\chi}^{*}\subseteq \mathcal{M}_{\chi}$ .
$\mathcal{M}_{\chi}^{\subset}\subseteq \mathcal{M}_{\chi}^{int}$ . $M\in \mathcal{M}_{\chi}^{\subset}$ , $\mathcal{M}_{\chi}^{\subset}$ .
, $x_{\alpha}\in M,$ $\alpha<\omega_{1}$ , (1) $\sim(3)$
:
(1) $\alpha<\omega_{1}$ , $M_{\subset x_{\alpha}}\prec M$;
(2) $\alpha<\omega_{1}$ [ , $\alpha=\alpha’+1$ , $\langle x_{\beta} : \beta\leq\alpha’\rangle\in M_{x_{\alpha}j}$
(3) $\alpha<\omega_{1}$ , x (1) (2)
( $\alpha$ , x $\text{ }$ ).
$\langle x_{\beta} : \beta<\alpha\rangle$ , $x\in M$ , $\beta<\alpha$ { $x_{\beta}\text{ }x$ ,
$M_{\subset x}\prec M$ ,
$(\dot{1}$
’
$)$ $\beta<\alpha$ , $M_{\subset x\rho}\prec M_{\subset xf}$.





, $M$ $\alpha$ $x$ $(M_{\subset x})^{2}$ , $M$
elementarity $\langle x_{\beta} : \beta<\alpha\rangle\in M$ . , (1) $\sim(3)$
x . $\{x_{\alpha} : \alpha<\omega_{1}\}$ $\omega_{1}$
, $M$ . , $M= \bigcup_{\alpha<\omega_{1}}M_{\subset x_{\alpha}}$ .
$\langle x_{\alpha} : \alpha<\omega_{1}\rangle$ $\langle M_{\subset x_{\alpha}} : \alpha<\omega_{1}\rangle$
. , (2) ? , $\langle M_{\subset x_{\alpha}} : \alpha<\omega_{1}\rangle$ internal approachabdity
. $M\in \mathcal{M}_{\chi}^{int}$ .
{ $\mathcal{M}_{\chi}^{int}\subseteq \mathcal{M}_{\chi}^{*}$ . $M\in \mathcal{M}_{\chi}^{int}$ , $M$ elementary submodels
$\langle M_{\alpha} : \alpha<\omega_{1}\rangle$ , M $M$ .
, $x\in[M]^{\mathrm{N}_{0}}$ ( , $y\subseteq M_{\alpha}\in M$ $\alpha<\omega_{1}$
, $[M]^{\mathrm{N}_{0}}\cap M$ $[M]^{\mathrm{N}_{0}}$ . , $M\in \mathcal{M}_{\chi}^{*}$ .
$\square$ (Lemma1.1)
, $\mathcal{M}_{\chi}^{\subset}\subseteq \mathcal{M}_{\chi}^{int}$ :
Lemma 12 $M\in \mathcal{M}_{\chi}^{int}$ . $\mathcal{H}_{\chi}$ $*$ $M\prec\langle \mathcal{H}_{\chi}, \in, <^{*}\rangle$
, $M\in \mathcal{M}_{\chi}^{\subset}$ .
. $\langle M_{\alpha} : \alpha<\omega_{1}\rangle$ internal approachabdity { . , $\langle$ $M_{\alpha}$ :
$\alpha<\omega_{1}\rangle$ $M$ elementary submodels , $M= \bigcup_{\alpha<\omega_{1}}M_{\alpha}$
$\langle M\beta : \beta\leq\alpha\rangle\in M_{\alpha+1}$ $\alpha$ . $x\in M$ ,
$o(x)= \min\{\alpha<\omega_{1} : x\in M_{\alpha+1}\}$
. , $M$ , $x,$ $y\in M$ ,
$x\text{ }y\Leftrightarrow o(x)<o(y)\vee(o(x)=o(y)\wedge x<^{*}y)$
. , $M$ ,
, $M$ , $\omega_{1}$ . $x\in M$
, $\alpha=o(x)$ , $\langle M_{\beta} : \beta\leq\alpha+1\rangle\in M$ , $M_{\alpha+1}\in M$
, elementarity $<*\cap(M_{\alpha+1})^{2}\in M$ , $(M_{\alpha+1})^{2}$ $M$
. , $(M_{\alpha+1})^{2}\in M$ .
$M_{\subset x}$ , $(M_{\subset x})^{2}$ $M$ . , $M\in \mathcal{M}_{\chi}^{\subset}$
. $\square$ (Lemma1.2)
$\mathrm{C}\subseteq[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ closed unbounded , $x\in[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ [ $y\in \mathrm{C}$ $x\subseteq y$
( $\subseteq$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ ) , $<\omega_{2}$ $\subseteq$ $\mathrm{C}$
69
$\ovalbox{\tt\small REJECT}_{\alpha}\ovalbox{\tt\small REJECT}\alpha<\gamma\rangle$ $\mathrm{U}_{\alpha 37}x_{\alpha}c\mathrm{C}$ . $\mathrm{S}\ovalbox{\tt\small REJECT}[\mathcal{H}_{\chi}]^{\aleph_{1}}$
stationary , clos $ed$ unbounded $\mathrm{C}\ovalbox{\tt\small REJECT}[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ , $\mathrm{S}\cap \mathrm{C}\neq\emptyset$
.
Lemma 13(1) $\mathcal{M}_{\chi}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ clos $ed$ unbounded subset .
(2) $\mathcal{M}_{\chi}^{*}$ $\subseteq$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ , $\omega_{1}$ $\subseteq$
.
(3) $\mathcal{M}_{\chi}^{\subset}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ stahonary.
. (1) L\"owenheim-Skolem .
(2): $\langle M_{\alpha} : \alpha<\omega_{1}\rangle$ $\subseteq$ $\mathcal{M}_{\chi}^{*}$ . , $M=$
$\bigcup_{\alpha<\omega_{1}}$ M , $M\prec \mathcal{H}_{\chi}$ . $x\in[M]^{\mathrm{N}_{1}}$ , xM $\alpha$
, $M_{\alpha}\in \mathcal{M}_{\chi}^{*}$ , $y\in[M_{\alpha}]^{\mathrm{N}_{1}}\cap M_{\alpha}\subseteq[M]^{\mathrm{N}_{1}}\cap M$ , $x\subseteq y$
. $M\in \mathcal{M}_{\chi}^{*}$ .
(3): $\mathrm{C}\subseteq[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ closed unbounded , $\mathrm{C}\cap \mathcal{M}_{\chi}^{\subset}\neq\emptyset$ . $<*$ $\mathcal{H}_{\chi}$
, $\langle \mathcal{H}_{\chi}, \in, <^{*}\rangle$ elementary submodels $\langle M_{\alpha} : \alpha<\omega_{1}\rangle$
(a) $\mathrm{C}\in M_{0i}$
(b) $\alpha<\omega_{1}$ $\langle M_{\beta} : \beta\leq\alpha\rangle\in M_{\alpha+1}$
. $M= \bigcup_{\alpha<\omega_{1}}$ M , Lemma 12
$M\in \mathcal{M}_{\chi}^{\subset}$ . $\mathrm{C}\in M_{0}\subseteq M$ ( , $M$ elementarity , $\mathrm{C}\cap M$ $M$
unbounded directed . $x\in \mathrm{C}\cap M$ ( , $\omega_{1}\subseteq M$ , $x\subseteq M$ .
, $M=\cup(\mathrm{C}\cap M)\in \mathrm{C}$ . $\square$ (Lemma1.3)
$\mathcal{M}_{\chi}^{\subset}$ $\mathcal{M}_{\chi}^{int}$ :
Lemma 1.4 $\chi<\lambda$ , $|\mathcal{H}_{\chi}|<\lambda$ . ,
$M\in \mathcal{M}_{\lambda}^{int}$ $\chi\in M$ , $M\cap \mathcal{H}_{\chi}\in \mathcal{M}_{\chi}^{\subset}$ .
. Elementarity , $\mathcal{H}_{\chi}\in M$ , $\mathcal{H}_{\chi}$ $<^{*}$ $<^{*}\in M$
. , $M\cap \mathcal{H}_{\chi}\prec\langle \mathcal{H}_{\chi}, \in, <^{*}\rangle$ . $\langle M_{\alpha} : \alpha<\omega_{1}\rangle$ $M\in \mathcal{M}_{\lambda}^{int}$
. $\chi\in M_{0}$ . $\alpha<\omega_{1}$ , $M_{\alpha}’$ $=M\text{ }\cap \mathcal{H}_{\chi}$
, $\langle M_{\alpha}’ : \alpha<\omega_{1}\rangle$ $M\cap \mathcal{H}_{\chi}\in \mathcal{M}_{\chi}^{int}$ . , Lemma 12
, $M\cap \mathcal{H}_{\chi}\in \mathcal{M}_{\chi}^{\subset}$ . $\square$ (Lemma1.4)
(CH) , $\chi$ , $\mathcal{M}_{\chi}^{*},$ $\mathcal{M}_{\chi}^{int},$ $\mathcal{M}_{\chi}^{\subset}$
:
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Lemma 15 (CH) .
.
$\subset\emptyset$ a $\mathrm{g},$ $M\in \mathcal{M}_{\chi}^{*}\gamma_{\mathrm{f}^{\mathrm{t}}\grave{\supset}},$ $[M]^{\mathrm{N}_{0}}\subseteq M$ &
. $x\in[M]^{\mathrm{N}_{0}}$ , $M\in \mathcal{M}_{\chi}^{*}$ , $y\in[M]^{\mathrm{N}_{0}}\cap M$ $x\subseteq y$
. { , $f$ : $\omega_{1}arrow P(y)$ , elementarity ,
$f$ $M$ . $\alpha<\omega_{1}$ $f(\alpha)=x$
, $\omega_{1}\subseteq M$ $\alpha\in M$ , $x=f(\alpha)\in M$ . $\square$ (Lemma1.5)
Proposition 16 (CH) , $\chi$ ,
$\mathcal{M}_{\chi}^{*}=\mathcal{M}_{\chi}^{\subset}$ .
. Lemma 11 $\mathcal{M}_{\chi}^{\subset}\subseteq \mathcal{M}_{\chi}^{*}$ . $\mathcal{M}_{\chi}^{*}\subseteq \mathcal{M}_{\chi}^{\subset}$ . $M\in \mathcal{M}_{\chi}^{*}$
, Lemma 15 , $[M]^{\mathrm{N}_{0}}\subseteq M$ . $M$ $\omega_{1}$
, $x\in M$ , $M_{\subset x}$ $(M_{\subset x})^{2}$ $M$
$M$ . $M\in \mathcal{M}_{\xi}^{\subset}$ . $\square$ (Proposition1.6)
2SEP
$P=\langle P, \leq\rangle$ , $Q\subseteq P$ $p\in P$ , $Q\uparrow p=\{q\in Q$ : $p\leq$
$q\},$ $Q(p=\{q\in Q : q\leq p\}$ . $\mathrm{Y}\subseteq X\subseteq P$ , $\mathrm{Y}$ $X$ ,
$x\in X$ $y\in \mathrm{Y}$ $x\leq y$ . $\mathrm{Y}$ $X$
, $x\in X$ $y\in \mathrm{Y}$ $y\leq x$
. $Q\subseteq P$ $P$ $\sigma$-subordering ( $Q\leq_{\sigma}P$ ) ,
$p\in P$ , $Q\uparrow p$ , $Q\mathrm{r}p$
.
$P$ SEP ( SEP(P) ) ,
$\chi$ , $\{M\in \mathcal{M}_{\chi}^{*} : P\cap M\leq_{\sigma}P\}$ $\subseteq$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
. $P(\omega)$ $\subseteq$ SEP SEP(P(\mbox{\boldmath $\omega$})) .
SEP I. Juh\’asz K. Kunen [8] ? ,
. S. Geschke , [3] I. Juh\’asz K. Kunen { SEP
.
SEP(P) , SEP [4], [5], [6], [7] weak kese-
Nahon $prope\hslash y$ (WFN) [1] $(\aleph_{1}, \aleph_{0})$ -ideal pmpedy (IDP) [
. , $P$ weak Freese-Nation proper
(WFN(P)) , $\chi$ , $M\in \mathcal{M}_{\chi}$ $P\in M$
$P\cap M\leq_{\sigma}P$ [ . , $P$ $(\aleph_{1}, \aleph_{0})$ -ideal property
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(IDP(P)) , $\chi$ , $M\in \mathcal{M}_{\chi}^{*}$ $P\in M$ $P\cap M\leq_{\sigma}P$
. , WFN(P) $\Rightarrow IDP(P)$ $\Rightarrow$ SEP(P)
$P$ . \Rightarrow
. , WFN(P) $\Rightarrow IDP(P)$
consistency stoength ([7], [5] ).
SEP “stationary”
, , SEP SEP .
Theorem 2.1 ([3]) SEP(P) :
(a) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{*} : P\cap M\leq_{\sigma}P\}$ $\subseteq$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
.
(b) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{*} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ stationary
.
(c) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{*} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
stationary .
SEP(P) $\sigma$-subordering[ .
Lemma 22 $P$ $P’\leq_{\sigma}P$ . SEP(P) , $SEP(P’)$
.
. $\chi$ . , $P,$ $P’\in M$ , $P\cap M\leq_{\sigma}P$
$M\prec \mathcal{H}_{\chi}$ , $P’\cap M\leq_{\sigma}P’$ .
, $x_{0}\in P’$ $P’\cap M\mathrm{r}x_{0}$
( $P’\cap M\uparrow x_{0}$ ). $P\cap M\leq_{\sigma}P$
, $X’\subseteq(P\cap M)\mathrm{r}x_{0}$ , $(P\cap M)(x_{0}$
. $M\models P’\leq_{\sigma}P$ , elementarity { , $x\in X$ [ , $X_{x}\in M$
$M\models$ $X_{x}$ $P’\mathrm{r}x$ . $X_{x}\subseteq M$ ,
$M$ $X_{x}$ $(P’\cap M)\mathrm{r}x$ . $\mathrm{Y}=\bigcup_{x\in X}X_{x}$
, $\mathrm{Y}\subseteq(P’\cap M)\mathrm{r}x_{0}$ , $\mathrm{Y}$ $(P’\cap M)\mathrm{r}x_{0}$ : $y\in(P’\cap M)\mathrm{r}x_{0}$
, } $y\in(P\cap M)[x_{0}$ , $x\in X$ $y\leq x$ ,
$M\models y\in P’[x$ , $x’\in X_{x}\subseteq \mathrm{Y}$ $y\leq x’$ .
$\square$ (Lemma2.2)
SEP , SEP : $P$ ,
$\mathrm{S}\mathrm{E}\mathrm{P}^{-}(P)$ $\Leftrightarrow$ $\chi$ , $\{M\in \mathcal{M}_{\chi}^{*} : P\cap M\leq_{\sigma}P\}\neq\emptyset$
72
. SEP $\mathrm{S}\mathrm{E}\mathrm{P}^{-}$ $\mathcal{M}\ovalbox{\tt\small REJECT}$ $\mathcal{M}^{\ovalbox{\tt\small REJECT}}$ ,
$\ovalbox{\tt\small REJECT}$ $P$ ,
$\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ $\Leftrightarrow$
$\chi$ ,
$\{M\in \mathcal{M}_{\chi}^{\subset} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
SEP (P) $\Leftrightarrow$ $\chi$ , $\{M\in \mathcal{M}_{\chi}^{\subset} : P\cap M\leq_{\sigma}P\}\neq\emptyset$
$\mathcal{M}_{\chi}^{\subset}$ $\mathcal{M}_{\chi}^{int}$ :
Lemma 23 $P$ , $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ :
(a) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{int} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ .
(b) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{int} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
stationary.
(c) $\chi$ , $\{M\in \mathcal{M}_{\chi}^{\subset} : P\cap M\leq_{\sigma}P\}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$
stationary.
. Lemma 1.1 , $(\mathrm{c})\Rightarrow(\mathrm{b})\Rightarrow(\mathrm{a})$ , $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)\Rightarrow(\mathrm{c})$ (a)
$\Rightarrow \mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ .
$\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)\Rightarrow(\mathrm{c})$ : $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ , $\chi$ . $\mathrm{C}\subseteq[\mathcal{H}]^{\mathrm{N}_{1}}$
closed unbounded , $M\in \mathrm{C}\cap \mathcal{M}_{\chi}^{\subset}$ $P\cap M\leq_{\sigma}P$
. $\lambda$ $|\mathcal{H}_{\chi}|<\lambda$ , , $\tilde{M}\in \mathcal{M}_{\lambda}^{\subset}$
, $P,$ $\mathrm{C}\in\tilde{M}$ $P\cap\tilde{M}\leq_{\sigma}P$ . $M=\tilde{M}\cap \mathcal{H}_{\chi}$
, Lemma 1.4 $M\in \mathcal{H}_{\chi}^{\subset}$ . , Lemma 1.3,(3)
$M\in \mathrm{C}$ . , $P\cap M=P\cap\tilde{M}\leq_{\sigma}P$ , $M$
.
$(\mathrm{a})\Rightarrow \mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ :Lemma 1.4 , . $\square$ (Lemma2.3)
, Proposition 16 , $P$
, SEP(P) $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ . ,
SEP(P) $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ . , $\square$ 1 , SEP(P)
$\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ . :
Lemma 24(1) $\chi$ , $X\in \mathcal{H}_{\chi}$ $|X|^{\aleph_{1}}<\chi$
. $S\subseteq \mathcal{M}_{\chi}$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ ,
$S’=\{X\cap M : M\in S\}$
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$[X]^{\mathrm{N}_{1}}$ stationary { .
(2) $P$ $\aleph_{2}$ , $P= \bigcup_{\alpha<\omega_{2}}P_{\alpha}$ $P$ filteration (
$P_{\alpha}$ $\leq\aleph_{1}$ $\langle P_{\alpha} : \alpha<\omega_{2}\rangle$ ). , $\alpha\in E_{\omega_{1}}^{\omega_{2}}$
$P_{\alpha}\leq_{\sigma}P$ ( , $E_{\omega_{1}^{2}}^{\omega}=\{\alpha<\omega_{1}$ : $cf(\alpha)=\omega_{1}\}$ ).
. (1): $\mathrm{C}\subseteq[X]^{\mathrm{N}_{1}}$ closed unbounded , $\mathrm{C}\cap S’\neq\emptyset$ .
, $[X]^{\mathrm{N}_{1}}f\mathrm{C}\in \mathcal{H}_{\chi}$ , $M\in S$ $\mathrm{C}\in M$ .
Elementarity { , $\mathrm{C}\cap M$ $[X\cap M]^{\mathrm{N}_{1}}$ unbounded directed , $\mathrm{C}$
closed $X\cap M=\cup(\mathrm{C}\cap M)\in \mathrm{C}$ . $X\cap M\in S’$ , $S’\cap \mathrm{C}\neq\emptyset$
.
(2): $\chi$ , $M\in \mathcal{M}_{\chi}^{*}$ $\langle P_{\alpha} : \alpha<\omega_{2}\rangle\in M$ $P\cap M\leq_{\sigma}P$
. , $\alpha^{*}=\omega_{2}\cap M$ , $P\cap M=P_{\alpha}*$ , $P_{\alpha}*\leq_{\sigma}P$
. $M\in \mathcal{M}_{\chi}^{*}$ , $M$ bounded ,
$cf(\alpha^{*})=\omega_{1}$ . $\square$ (Lemma2.4)
Theorem 25 $\coprod_{\omega_{1}}$ . $P$ , SEP(P)
$\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ .
. $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)\Rightarrow$ SEP(P) , SEP(P) $\Rightarrow \mathrm{S}\mathrm{E}\mathrm{P}^{\subset}(P)$ .
SEP(P) . $|P|<\aleph_{2}$ SEP$\subset(P)$ , $|P|\geq\aleph_{2}$ .
$\chi$ , $X$ $[\mathcal{H}_{\chi}]^{\mathrm{N}_{1}}$ . $M\in \mathcal{H}_{\chi}^{\subset}$ $X\subseteq M$
$P\cap M\leq_{\sigma}P$ .
$\mathcal{H}_{\chi}$ $<*$ $|\mathcal{H}_{\chi}|$ . $\mathrm{C}=\{C_{\alpha} : \alpha\in Lim(\omega_{2})\}$
l-sequence .
$\langle M_{\alpha} : \alpha<\omega_{2}\rangle$ $\langle a_{\alpha,\gamma} : \alpha<\omega_{2}, \gamma<\omega_{1}\rangle$
.
(0) $\langle M_{\alpha} : \alpha<\omega_{2}\rangle$ $\langle \mathcal{H}_{\chi}, \in, <^{*}\rangle$ $\aleph_{1}$ elementary submodels
.
(1) $\omega_{1},$ $X\subseteq M_{0},$ $P,$ $\mathrm{C}\in M_{0}$ .
(2) $\alpha<\omega_{2}$ , $\langle a_{\alpha,\gamma} : \gamma<\omega_{1}\rangle$ M .
(3) $\beta<\omega_{2}$ , $\langle M_{\alpha} : \alpha\leq\beta\rangle,$ $<* \cap(\bigcup_{\alpha\leq\beta}M_{\alpha})^{2},$ $\langle$ $a_{\alpha,\gamma}$ : $\alpha\leq\beta,$ $\gamma<$
$\omega_{1}\rangle\in M_{\beta+1}$
(4) $\beta<\omega_{2}$ , $P\cap M_{\beta+1}\leq_{\sigma}P$ .
74
$M= \bigcup_{\alpha<\omega_{2}}$ M $Q=P\cap M$ , (4) , $Q\leq_{\sigma}P$ ,
Lemma 2.2 , SEP(Q) . , Lemma 2.4,(2) , $\alpha^{*}\in E_{\omega_{1}}^{\omega_{2}}$
, $Q\cap M_{\alpha^{*}}\leq_{\sigma}$ Q. . $P\cap M_{\alpha^{*}}=Q\cap M_{\alpha^{*}}$ , $P\cap M_{\alpha^{*}}\leq_{\sigma}P$
. , (1) $X\subseteq M_{\alpha^{*}}$ , Claim :
Claim 25.1 $M_{\alpha}*\in \mathcal{M}_{\chi}^{\subset}$ .
$\vdash$ $C=C_{\alpha}*$ , $C$ $\omega_{1}$ $\alpha^{*}$ . $\xi_{\alpha},$ $\alpha<\omega_{1}$ $C$
. limit $\alpha<\omega_{1}$ , $\beta<\alpha^{*}$ , $\xi_{\alpha}\in M_{\beta}$
. $\coprod_{\omega_{1}}$ -sequence $\mathrm{C}$ coherence { , $C_{\xi_{\alpha}}=\{\xi_{\gamma} : \gamma<\alpha\}$ , $C_{\xi_{\alpha}}\in M_{\beta}$
{ , $\{\xi_{\gamma}$ : \gamma <\mbox{\boldmath $\alpha$} $\}$ \in M\beta M . .
$(*)$ $\alpha<\omega_{1}$ ( , $\{\xi_{\gamma} : \gamma<\alpha\}\in M_{\alpha^{\mathrm{r}}}$ .
$\varphi$ : $\omega_{1}arrow\omega_{1}\cross\omega_{1}$ ; $\alpha-*\langle\varphi_{0}(\alpha), \varphi_{1}(\alpha)\rangle$ $\varphi\in M_{0}$ .
, ( $M_{\alpha^{*}}$ elementary submodels $\langle N_{\alpha} : \alpha<\omega_{1}\rangle$
:
(5) 6 $\alpha<\omega_{1}$ { , a\mbox{\boldmath $\xi$},0 ’’1(\mbox{\boldmath $\alpha$}), $\langle N_{\beta} : \beta\leq\alpha\rangle\in N_{\alpha+1}$ ;
(6) $N_{\alpha+1}$ $M_{\alpha^{*}}$ elementary submodel $N_{\alpha+1}\in M_{\alpha^{*}}$ , (5)
$<*$ .




” , $\langle N_{\alpha} : \alpha<\omega_{1}\rangle$
$M_{\alpha^{*}}$ , , $M_{\alpha^{\mathrm{r}}}$ .
(5) , $\bigcup_{\alpha<\omega_{1}}N_{\alpha}=M_{\alpha^{*}}$ , $<\omega_{1}$ , $\langle N_{\beta}$ : \beta \leq \mbox{\boldmath $\alpha$} $\rangle$ \in N +’
. , Lemma 12 , $M_{\alpha^{*}}\in \mathcal{M}_{\chi}^{\subset}$ . $\dashv$ (Claim2.5.1)
$\square$ (Theorem2.5)
3Almost disjoint number
$x,$ $y\in[\omega]^{\mathrm{N}_{0}}$ almost disjoint , $x\cap y$ ( . $X\subseteq[\omega]^{\aleph_{0}}$
almost disjoint , $x,$ $y\in X$ almost disjoint .
$X\subseteq[\omega]^{\mathrm{N}_{0}}$ maximal almost disjoint $X$ almost disjoint , $X_{\neq}\subset \mathrm{Y}\subseteq[\omega]^{\mathrm{N}_{0}}$
almost disjoint $\mathrm{Y}$ . $X$ maximal almost disjoint
, $X$ $\mathrm{M}\mathrm{A}\mathrm{D}- \mathrm{f}\mathrm{a}\mathrm{m}\dot{\mathrm{l}}\mathrm{l}\mathrm{y}$ , .
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Almost disjoint number $a$
$a= \min${ $|X|$ : $X$ maximal alm$ost$ disjoint}
. $\aleph_{1}\leq a\leq 2^{\mathrm{N}_{0}}$ .
WFN(P(\mbox{\boldmath $\omega$})) $a=\aleph_{1}$ ([4]), SEP(P(\mbox{\boldmath $\omega$}))
. :
Theorem 3.1 $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset-}(P(\omega))$ $a=\aleph_{1}$ .
. $\chi$ $M^{*}\in \mathcal{M}_{\chi}^{\subset}$ $P(\omega)\cap M^{*}\leq_{\sigma}P(\omega)$ .
$|M^{*}|=\aleph_{1}$ , $MAD- family\subseteq M^{*}$ .
$\mathcal{M}_{\chi}^{\subset}$
$M^{*}$ .
Lemma 1.11 , $M^{*}$ elementary submodels $\langle$ $M_{\alpha}$ : $\alpha<$
$\omega_{1}\rangle$ $\bigcup_{\alpha<\omega_{1}}M_{\alpha}=M$ , $\alpha<\omega_{1}$ , $\langle M_{\beta} : \beta\leq\alpha\rangle\in M_{\alpha+1}$
.
$\omega$ $\langle a_{\alpha} : \alpha<\omega_{1}\rangle$ :
(1) $\{a_{n} : n\in\omega\}$ $\omega$ $|$ $\{a_{n} : n\in\omega\}\in M_{0\mathrm{z}}$.
(2) $\alpha\geq\omega$ , $a_{\alpha}\in[\omega]^{\aleph_{0}}\cap M_{\alpha+1}$ , a
( ) :
$(\alpha)$ a $a\beta,$ $\beta<\alpha$ almost disjoint;
$( \beta)\forall x\in[\omega]^{\mathrm{N}_{0}}\cap M_{\alpha}(\forall u\in[\alpha]^{<\mathrm{N}_{0}}(|x\backslash \bigcup_{\beta\in u}a\beta|=\aleph_{0})arrow$ $|a\text{ }\cap x|=\aleph_{0})$ .
(1) (2) , $\langle a_{\beta} : \beta<\alpha\rangle$ $M_{\alpha+1}$ , $(M_{\alpha})^{2},$ $\langle M_{\beta} : \beta\leq\alpha\rangle\in M_{\alpha+1}$
. , $\langle a_{\beta} : \beta<\alpha\rangle\in M_{\alpha+1}$ . $(\alpha)$
$(\beta)$ a $M\text{ }+1$ .
(1) (2) $(\alpha)$ { , $\{a_{\beta} : \beta<\omega_{1}\}$ almost disjoint . maximal
almost disjoint , , .
, $b\in[\omega]^{\mathrm{N}_{0}}$ $b$ a almost disjoint .
$\{b_{n} : n\in\omega\}\subseteq P(\omega)\cap M^{*}$ $(P(\omega)\cap M^{*})\uparrow b$ . $\alpha^{*}<\omega_{1}$
$\{b_{n} :n\in\omega\}\subseteq$ M . { . $a_{\alpha}*$ $b$ almost disjoint ,
$\omega\backslash a_{\alpha^{\mathrm{r}}}\in(P(\omega)\cap M^{*})\uparrow b$ . , $n^{*}\in\omega$ $|b_{n}*\cap a_{\alpha}*|<\aleph_{0}$
. (2) $(\beta)$ { , $u\in[\alpha]^{<\mathrm{N}_{0}}$ $|b_{n}*$ $\backslash \bigcup_{\beta\in u}a_{\beta}|<\aleph_{0}$ .
$b\subseteq b_{n^{\mathrm{r}}}$ , $|b \backslash \bigcup_{\beta\in u}a_{\beta}|<\aleph_{0}$ . , $b$ .
$\square$ (Theorem3.1)
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Corollary 3.2 $\square _{\mathrm{N}_{1}}\epsilon oe\not\in\tau$. $\mathrm{z}\sigma$) $\ \doteqdot$ , SEP $(P(\omega))r\mathrm{X}^{\grave{t}_{D}}a=\aleph_{1}t\grave{\grave{\backslash }}_{\hslash \mathrm{R}^{\gamma}\mathit{3}_{-}\backslash [perp]^{\vee}\supset}"$ .
. $\coprod_{\mathrm{N}_{1}}$ , Theorem 25 , SEP(P(\mbox{\boldmath $\omega$})) SEP$\subset(P(\omega))$
. , $\mathrm{S}\mathrm{E}\mathrm{P}^{\subset-}(P(\omega))$ , Theorem 3.1 $a=\aleph_{1}$ .
$\square$ (Corollary32)
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